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Optimal Control of Interplanetary Trajectories
Using Electrical Propulsion with Discrete Thrust Levels

A. Axelrod* and M. Guelman®
Technion—lIsrael Institute of Technology, 32000 Haifa, Israel

and

D. Mishne*
RAFAEL Armament Development Authority, Ltd., 31021 Haifa, Israel

A solution is proposed to the optimal closed-loop trajectory control of interplanetary missions, with an electric
propulsion system that provides discrete thrust levels. The solution is either suitable to the case of the discrete
multilevel electrical engine or to a cluster of several unidirectional engines. The objective is to guide the spacecraft
from an initial state to a final state (positionand velocity) at an exact given time, with minimum fuel expenditure. The
optimizationis based on the approach of neighboring optimal trajectory: Given a nominal trajectory (close to, but
not necessarily the optimal one), the objective is to control the spacecraft along an optimal neighboring trajectory.
In this approach, when a deviation from the planned trajectory is developed, a new neighboring optimal trajectory
is calculated to obtain the required end condition, while beginning at the current point. Using this approach, we
assure lower fuel consumption, when compared to another control policy that tries to maintain, uncompromisingly,
a nominal optimal trajectory. The development of the control law for this problem is presented. An efficient
algorithm for the numerical solution of the optimal controller is proposed and demonstrated for two examples:
correction of satellite orbit around the moon and an interplanetary rendezvous mission to Mercury.

Introduction

HE potential of electrical propulsion systems for future inter-

planetary missions has been well recognized.! This propulsion
system, which is characterized by the variable exhaust velocity and
limited power, produces low thrust with high specific impulse. For
efficient use, an optimal trajectory is desired. In most cases, the ob-
jective is to guide the spacecraftfrom an initial state to a final state
(position and velocity), with minimum fuel expenditure. Optimal
trajectory analyses of such systems have been discussed in several
comprehensive works, such as that of Marec.? Once an optimal tra-
jectory is generated, the problem is to apply proper control logic
such that the spacecraft follows the optimal trajectory, in the pres-
ence of real-world disturbances. Therefore, a closed-loop controller
is desired. Gipsman et al.> developed a closed-loop optimal control
law for the fixed time rendezvousproblem, for an unboundedcontin-
uous controller. This solution enabled an analytical determination
of the optimal control law at each time step. Advanced analysis
should consider practical issues, such as upper and lower bounds
on the thrust levels. Carter* presented a solution for the rendezvous
problem with a continuous bounded controller. Carter and Pardis’
extended the work for the case where the controller has both upper
and lower bounds. To avoid saturation, they proposed the use of
multiple engines, where each one has continuous thrust bounded
by upper and lower limits. A criterion for their efficient use was
developed.

Another practical issue is that electrical engines perform effi-
ciently when they operate at a fixed thrust level.® In this paper, we
introduce and investigate this practical issue. To follow the desired
trajectory, one possible solution is to employ several engines. The
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controller, thus, is able to provide discrete magnitude levels, and an
appropriate control law is desired. The purpose of this paper is to
develop a closed-loop control strategy for such missions. Given a
nominal trajectory (close to, but not necessarily the optimal one), the
objective is to control the spacecraft along an optimal neighboring
trajectory, using a discrete multilevel engine or a cluster of several
unidirectional engines.

Statement of the Problem

The basic equation of motion for a spacecraftin an interplanetary
mission, assuming the central force field of the sun only, is
F=—(u/rr+f ey
with the initial conditions r(t =0) and r(# =0), where f is the
control acceleration, which is produced by a discrete multilevel
electrical engine or a cluster of several unidirectional engines. The
control parameters are then the direction and the level of the thrust.
We deal here with a planar trajectory. The initial and the terminal
orbital planes are the same, and no out-of-plane disturbance exists.
The equations of motion in polar sun-centered coordinatesr and

0 are
é = Ug/r,

F=v, o =—(u/r)+ vl [r+f,

vy = —(vve/r) + fo ()
We assume that we have a given nominal trajectory, which is close
to the optimal one, from an initial state to a final state. The con-
trol problem is to find the optimal controller (optimal in the sense
of minimum fuel) that brings the spacecraft from a point near the
optimal trajectory to the desired final state at a desired final time.
We assume that all of the state variables are measured and that the
engine can provide N discrete thrust levels.

Development of Control Law for Multilevel Engine

The nonlinearequationsof motion of the spacecraftcan be written
in the general form

X0 = fiIlX®), VO, V() = LIXO,VOI+U  (3)
where X(¢) and V(t) are the position and the velocity, respec-
tively. U is the control variable (the thrust acceleration vector). The
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magnitudeof the control variableis bounded by the value b. U = |U|
has N discrete positive values, as well as the value U =0. We de-
note the group of possible control valuesby U, _ y . In the case where
b — 00, we have an unbounded controller U, .

We assume that a nominal trajectory [X;om(?), Vaom(#)] with
the proper unbounded controller U,,, € Uy, is given. We then
define a neighboring trajectory [X(f) = X,om () +x(2), V()=
Voom () +v(t)] with the controller U(t) = U,y (t) + u(t). The
perturbed linear equations of motion of the neighboring trajectory
are

¥y =A()y+ B(t)u, () =y (@))

where u(t) is the perturbed controller and y = [x7, v"]" is the re-
sulted perturbed state vector. The matrices A(¢) and B(t) are the
Jacobian matrices calculated along the nominal trajectory.

The control problem is to find the control variable u(¢) such that
the spacecraft is guided from the initial state to the final state at
a specified time, with minimum fuel expenditure. For an electric
limited power engine, the fuel expenditure is proportional to the
integral of the square of the thrust acceleration. The cost functionis
then

iy
JIU®)] =%/ Uum'u()de ®)

to

subjectto {U : |U| = |Uyom +ul € Uy _y}.
The optimizationproblem is solved using Pontryagin’s minimum
principle (see Ref. 7). The Hamiltonian is

H =1U"U+ X' (Ay+ Bu) = 1U"U + X" Ay

+A'BU - A"BU,om 6)

where A(?) is the vector of the Lagrange multipliers.
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The necessary conditions for the optimal controller are fulfilled
for U(t) € U, _ y that minimizes the Hamiltonian (6), subject to the
equations of motion (4) and with the terminal conditiony(t;) =y .
The part of the Hamiltonian that is a function of the control
Uis

L(U)=iU"U+P'U (7

where P is the primer vector defined by P(¢) = BT \.

The controller is written as U= Ue,, where U =|U| is the
magnitude of the controller and e, =U/|U| is its direction. The
Hamiltonian is then

L(e, . U)=1U*+P"e,U 8)
The direction of the optimal control vector is given by
e, = —(P/IP) = —(P/p) ©

Hence, L[ p(t), U]=31U? — p(1) U.

The magnitude of the control vector achievesonly discrete values
between 0 and b. The possible values that minimize the Hamiltonian
are given by

b, pt)y=b
U= Ucloses %Ul < P(t) <b
0, p(1) = 3U, (10)

If p(t) is equal to the midvalue between U; and U; .| for a nonzero
time interval, then the optimal solution is a chatter between the
close possible values (U; and U, | ). The frequency of this chatter
is theoretically infinity, but practically it is limited by the highest
possible switching rate.
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Hence, the optimal control vector is given by

—(P/p)b, pt)=b
U@ = _(P/p)Ucloses %Ul <p@)<b
0, p(t) < iU, (an

where U is the value of control level U; that is the closest
to the value p(¢). To complete the solution, the vector P should
be determined. Because P(t) = BT\, we need to determine the
vector A along the trajectory. Using the Euler-Lagrange equation
AT =—(0H /dy) and the Hamiltonian (6), we get

A=-ATA (12)
The solution is
A(t) = @M (1, 1) A(to) (13)
where ®® is the transition matrix that satisfies the equation
P (t,19) = —A@) DM (2, 19) (14)
with the initial condition ®™ (ty, t,) = I. This matrix can be precal-

culated along the nominal trajectory.
The solution of the equations of motion (4) is given by

y(t) = ®(t, o) y(ty) + / ®(t, T)Bu(r)dr (15)

o

where the transitionmatrix & (, t) is related to the transition matrix
DM (t, 1) by

o1, 1) = [0M (1, 10)] (16)
Substitutingu(t) =U(t) — U, (t), we get
(@) = @(t, 1)y (to) + C(t) — n(1) (17

where C(t) and n(¢) are the integrals

C(t) =/ ®(t, 7)BU(r)dt

0

n(f)=/ @ (t, 1) BUpom (1) dT (18)

o

The terminal conditionis now used. Solving fory () from Eq. (17)
and requiring y(¢;) =y, we get the terminal state as a function of
the current state y(¢):

D(ty, Oy(t) +Ct) — (1) =y; (19)

where

C(t) = C(t;) — d(t;, HC(),

nt) =n(ty) — ®(ty, Hn(t)
(20)
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Fig.2 Correction of satellite orbit around the moon, N = 10.
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From Egs. (18) and (19) it is clear that the matrix C(¢) can be
calculated at each time step, by the use of the nominal trajectory
and the current state measurements.

By substituting P(¢) = BT ®~7 (¢, t))AL(t)) into the controller
equation (11), we get the controller as a function of the initial value
of the Lagrange multipliers vector:

BT &7 (t, 1)) 1(ty) b

TTBTO T (1, 1) (1) oIt
T &-T
Ul 2@ = |- oo LM, Ly <h
BT 7 (1. 1) Ml 2

1
0, |p(t)|§EUl 1)

Next, the value A(ty) should be determined. Combining controller
(21) with Egs. (18) and (19), we get
CIt, Mt)] =y + (1) — @ty D)y (1) (22)
where y(#) is the measured deviations of the trajectory (position
and velocity) from the nominal one. Solving Eq. (22) for A(%) as a
function of the current time ¢ and substituting into Eq. (21) yields
the closed-loop control law.
The actual solution of the preceding equation for A(f) is per-
formed iteratively through the search of the minimum of the function

Q}?{F[)‘UO)] = |CIt, Ad(t))] — Z(n)} (23)
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where Z(t) =y, +n(t) — ®(t7, 1)y(t) and —Z(¢) is identified with
the zero effort miss at the given instant?, that is, the miss in position
and velocity that is expected if no control effortis applied from the
moment ? to 7.

The solution is performed by using the simulated annealing
method.® This method, which was found to be very effective, is
further explained in the Appendix.

Behavior of Controller Toward End of Mission
From Eqgs. (18) and (20), we get

1f
Cw) =/ ®(t;, 7)BU (v) dt

When 7 — 1, for any bounded U, C () — 0. To fulfill Eq. (22), we
require C(t) = Z(t). Then any change in Z(¢) as a result of a new
measurementmay causea significantchangein U (¢). The controller
might chatter and skip between the extreme values. This will be
further demonstrated by the numerical examples in the sequel.

Special Cases

In addition to the controller with N levels, two special cases
are discussed: 1) the continuous bounded controller (N — oco) and
bound b and 2) the continuous unbounded controller (N — oo and
b — 00).

Continuous Bounded Controller

For the continuous case we have U, ,sc = p(t). The control law is
then
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Fig.3 Correction of satellite orbit around the moon, N =4.
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_ BT &7 (t, tg) A(ty)
[BT =T (t, 1) A(to)|
—BTo (1, 1) A(1p),

lp()] > b
Uz, M(1y)] =

POl <b (24)

where A(%) is solved from Eq. (23). This resultis compatible with
Ref. 4.

Continuous Unbounded Controller
Because the bound is removed, the controlleris

Ult, A(19)] = =B @77 (1, 1) A(t9) (25)
where () is solved from
A(to)=6:’7](t)[vf +a(t) — oy, Dy@)] (26)

where
z '
C@) =—CI>(l‘f,t0)/ & (1,t)BBT O T (1, t,) dr
t

In this special case, A(f) is solved explicitly, without the need for
iteration. This solution can be used to get an initial guess for the
iterativesolutionof A(%,) for the general cases (bounded and discrete
control). The result for this special case is compatible with Ref. 3.

Iterative Algorithm for ),

The heart of the closed-loop control law is the determination of
Ao that fulfills Eq. (23). The scalar function F[A(%)] describes the
magnitude of the vector whose components are the deviations of

AXELROD, GUELMAN, AND MISHNE

the state vector (position and velocity) from the end condition at the
final time. The value of F[A(fy)] is the upper limit for each com-
ponent of the deviation vector. Solution of Eq. (23) is performed
online, whenever new measurements are available. The function
F[A(ty)] is characterized by a nonsmooth and multiminima sur-
face that becomes more complicated when the number of feasible
thrust levels decreases. A typical view of the function F[A(#)]
appears in Fig. 1. Figure 1 was produced by varying two compo-
nents of Ay, with all other components fixed. This particular view
is compatible with the case of example 1, when only one feasi-
ble thrust level is applied, N = 1. When the number of thrust lev-
els tends to infinity, and when the thrust is unbounded as well,
the minimum problem becomes convex, and an analytical solu-
tion can be obtained. However, when discrete control levels are
involved, the multiminima problem has to be solved by an iterative
method. From our experience with N in the range of 1-10 thrust
levels, the iterative solution of the multiminima problem usually
becomes more difficult as the number of thrust levels decreases.
Because this procedure must be implemented during the mission
in real time, it is essential to find an iterative method that can ef-
ficiently and quickly converge to the global minimum, or at least
to a sufficient one. The simulated annealing method appears to be
efficient, both in the aspect of convergence potency and rate of con-
vergence. This method and its implementation are described in the
Appendix.

Numerical Examples
The preceding control law is demonstrated for two examples:
1) correctionof satellite orbit around the moon and 2) interplanetary
trajectory from Earth to Mercury.
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Example 1: Correction of Satellite Orbit Around the Moon

A satellite is orbiting the moon in a circular orbit at a radius of
3050 km. It is required to transfer to a circular orbit at a radius
of 3000 km and meet the target orbit while accomplishing three-
quarters of a circle. The required maneuver time is specified as
three-quartersof the orbital period of the new orbit (about 185 min).

2 e T

N
(e
¥

j

.
T

.

.

.
o

1

g
i
T
1
.
|
I
'

\

]

)

Cost ratio
[N N
o © N N
: . » .
N Sl

1

a
~
T
'

.

'

'

'

'
.
I

12 mmdee e

0 1 2 3 4 5
N - Number of control levels

Fig.5 Ratiobetween the achieved control cost and the optimal contin-
uous control cost vs the number of control levels.

937

Because the terminal position, the terminal velocity, and the termi-
nal time are specified, the problem is a rendezvous-type problem.
Two controllaws are presented: controllaw I is the iterative solution
of A(#y) from Eq. (23) as explained earlier. This is a discrete optimal
control law. Control law II is the use of the analytic solution (26)
to A(f) for the continuous case and then the fixing of the control
value on the closest discrete value of the engine. The calculation
is repeated each time a new state measurement is available. This
is a suboptimal control law. In this example, there is no predeter-
mined nominal transfer trajectory. The final trajectory is used as the
nominal one.

Several simulations were performed for different numbers of
thrust levels. The maximum thrust acceleration available was set
to 10 mm/s?. Figure 2 shows the results for N = 10. The trajectory
deviations and the velocity deviations are shown in a coordinate
system that is fixed with respect to a moving point on the final
trajectory. At t =0, the origin of this coordinate system is located
on the final trajectory right below the satellite, on the same radius.
The origin is moving at the orbital velocity of the final trajectory.
The coordinates are (7,0), where 7 in the radial direction, point-
ing outward, and 6 is the circumferential direction. This kind of
presentation is chosen to scale the deviations better and to empha-
size the convergence of the satellite to the target. The measure-
ment updates are available at time intervals of 2 min. Figures 3
and 4 show the simulations results for N =4 and 1 (on-off con-
troller). The results in Figs. 3 and 4 include both control laws for
the multilevel engine, as well as the continuous control law, as
a comparison. For such a single correction mission, the relative
change of mass of the satellite is fairly negligible. To emphasize
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Table1l Comparison of performance
for the transfer from Earth to Mercury?

Number of Control ~ Fuel mass m ,
thrust levels law kg
1 I 233.5
I 241.4
2 I 224.6
I 228
3 I 222
I 2233
oo Continuous  Optimal 220.2

3Here, my = 500 kg.

o

R
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o o o
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Fig. 7 Interplanetary trajectory from Earth to Mercury, the applied
thrust and acceleration, N = 2.

the differences between the different control laws (optimal discrete
law, suboptimal discrete law, and continuous law), the cost function

ty
J, =/ U?dr
1

0

is used for comparison. The relative cost function for each control
law, normalized to the continuous case cost function, is shown in
Fig. 5, as a function of the number of thrust levels. The following
observations are noted:

1) Both control laws perform well in the sense of guiding the
satellite to the target point. The difference between the trajectories
of the different control laws is negligible for large number of thrust
levels.

2) The control acceleration produced by control law II tends to
chatter when the continuous thrust is in between two thrust levels,
whereas control law I is smoother.

3) The improvement (reduction) in the cost function of control
law I (the more complex one) relative to control law II becomes
higher as the number of thrust level decreases. For N > 4, the im-
provement (for this example) is negligible.

Example 2: Interplanetary Trajectory from Earth to Mercury

The spacecraft performs a maneuver from Earth to Mercury. The
initial orbit is the Earth orbit around the sun, and the final one
is Mercury’s orbit around the sun. Both orbits are assumed to be
circular. The transfer time is specified as 500 days.

For this example, the mass of the spacecraftchanges significantly.
Because the engine provides constant thrust levels, the thrust ac-
celeration levels (which are the control variables) are not constant
values. The available thrust accelerations are given by

UD€ Uy_n@) =T, n/m(t) 27
where m () is the instantaneous mass of the spacecraftand is com-
puted from the relationship

m*(t)U(t)

The power of the engine was taken as P,, =2.5 kW and the initial
mass as my = 500 kg. For this mission, an optimal reference trajec-
tory was computed by a series of successive calculations of control
law I, when the initial guess was the continuous solution.

The results are shown in Figs. 6 (for N =1) and 7 (for N =2).
Again note that control law I is smoother than control law II. As
explained earlier in the development of the optimal control law, the
controller toward the end of the trajectory may result in chatter, as
seen in Figs. 6 and 7, but the chatter for the optimal control law is
considerably shorter than for the suboptimal law.

The fuel mass for each maneuver is summarized in Table 1. Im-
plementationof controllaw I is more fuel efficient, but the difference
is negligible for N > 2.

Conclusions

In this research, we developed closed-loop controllers for the
space maneuvering of spacecraft with electric propulsion systems,
where the thrust is available in several discrete levels. The control
law is developedusing the neighboringtrajectory method. Two con-
trol laws were developed. One is the discrete optimal control law,
based on the iterative procedure. The other is a suboptimal control
law, based on analog-to-digital conversion of the analytic solution
of the continuous-unbounded controller. The latter is not optimal in
the sense of fuel consumption but is easy to apply due to the low
computationaleffortthatitrequires. The differencesbetweenthe op-
timal discrete law, the suboptimal discrete law, and the continuous
optimal law are mission dependent and are related to the available
thrust levels and other factors such as mass of the spacecraft and
power. For the demonstrated missions, by applyingthe discrete con-
trol laws, it appeared that few levels of control (more than four) are
sufficient to obtain optimality that is very close to that achieved by
the continuousoptimal controller (theoretical). Furthermore, in that
case (when more than four levels are feasible), the difference be-
tween the discrete optimal control law and the suboptimal control
law are quite small, in the sense of fuel consumption, and the use of
the latter should be considered.

When the number of feasible thrustlevelsis decreased, the advan-
tage of the optimal guidancelaw is evident. In addition, control law [
requires fewer switches than control law I1. This can be importantin
real-life implementation, where high-frequency chatter may intro-
duce increased thrust on-off uncertainties that degrade the overall
performance.

An interesting result arises from the examination of the discrete
optimal control law. In the problem of the transfer between two
coplanar circular orbits, when only one level of control is feasible
(bang-bang), the optimal solution appeared to coincide with the
classic optimal two-impulse Hohmann transfer.

The numerical minimization was based on the simulated anneal-
ing method, which proved to be very effective.

With regard to the optimal discrete control law I, a practical
issue is the possibility that the numerical iterative algorithm does
not converge. In practice, at a specific point on the trajectory, the
control cost can be bounded by the cost associated with the subopti-
mal controllaw II. The vector A (%) thatis analyticallycomputed for
control law II is used as an initial guess for the iterative algorithm
of control law I; hence, the iterative algorithm improves the control
cost even if there is no full convergence.

From the numerical examples it appears that, with control law I,
convergence is slower when a few control levels are feasible (1-2
controllevels). The convergenceis usually acceleratedas the number
of control levels increases. Also, frequent updates of the measure-
ments improve the convergencerate.

Appendix: Simulated Annealing Method

The method of simulated annealing is analogous to the way that
liquids freeze and crystallize or metals cool and anneal. If a liquid
cools down slowly, the atoms can form a pure crystalline structure,
whichis compatible with the system’s minimum energy state. Along
with this process, energy of the system decreases, but sometimes
the energy must be temporarily increased to enable the system to
proceed toward the global minimum. The optimization procedure
that is involved with the annealing process® is based on Boltzmann
probability distribution:
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prob(E) ~ exp[—E/(kT)]

This expression,which is applied to a systemin thermal equilibrium
at temperature 7', represents the probability of being at a particu-
lar energy state E, among all possible energy states. Even at low
temperature, there is a probability, albeit very small, for being in a
high-energy state. Therefore, there is a corresponding probability
for the system to get out of a local minimum energy in favor of
finding a better, more global minimum.

The simulated annealing optimizationin our case is based on the
extension of the downhill simplex method. The detailed procedure
can be found in Ref. 8. In this method, the single point A, of dimen-
sion N, with the scalar value F[A(#)], is replaced by a simplex of
N 4+ 1 points. The simplex moves in the space of search, expand-
ing and contracting, following new points as replacement points.
At each step, a vertex of the simplex is replaced if a downhill step
is obtained. The simplex is always proceeding downhill toward the
nearest local minimum.

To extend the simplex algorithm and apply the simulated anneal-
ing procedure, a parameter 7', which is equivalent to temperaturein
the natural process, is introduced. We add a positive logarithmically
distributedrandom increment, proportionalto the temperature 7', to
the stored function value F(\) associated with each vertex of the
simplex, and we subtract a similar random variable from the func-
tion value of each new point that is tested as a replacement point.
As before, the algorithm always accepts a true downhill step, but,
sometimes, an uphill step is accepted. Indeed, the algorithm has a
better chance to proceed uphill the function F'(A), as the temper-
ature increases. The solution of the minimum problem is initiated
with high temperature 7. The algorithm then is capable of climbing
out of a local minimum, and proceeds toward a more global one. As
the algorithm progresses and as the temperature is lowered, uphill
steps become rare. When T — 0, the algorithm is identical with the
downhill simplex procedure and convergesto the nearest minimum,
which is supposed to be the global one.

Generally, the process of finding the global minimum can be a
long one, and sometimes it may fail to converge. In our case, the

procedure is applied whenever a new state measurement is avail-
able, to search for the global minimum or at least a sufficient one.
It appears that, if the measurements are frequent enough, the mul-
tidimensional surface that represents the function F () is slightly
changed between consequent measurements. In that case, the min-
imum from the previousiteration is likely to be close to the current
one; hence, the convergenceis fast. Experience of many simulations
shows that the difficulties of solving the minimum problem appear
mostly at the point of initiating the mission.

It must be emphasized that slow convergence of the solution, as
well as some non-convergencealong the mission, may increase the
overall cost function, but does not affect the fulfillment of the final
conditions.
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